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In modeling elastic-plastic and viscoelastic materials, rate-type con- 
stitutive relations are often used. One rather general quasilinear form, 
proposed by Cristescu [l], is 
g - $(E, 0) g - #(E, CT) = 0, 
where o and E are stress and strain, respectively, and 4 and $ are some 
material functions. This equation contains, as special cases, the Malvern 
semilinear model [2, 31 where 4 = E = const. and the well-known general- 
ized Maxwell model for which 4 = 0 and #(E, u) = ~-la +f(c) where 7 
is a relaxation time andf(E) is a material function. The physical utility of the 
Malvern and Maxwell models has been well established. Some general 
properties of Eq. (1) are presented by Suliciu et al. [4] where the existence 
of “asymptotic plateaus” in velocity, stress, and strain is discussed when a 
bar of such material is impacted with a constant velocity at one end. Such 
phenomena have been observed experimentally (see e.g. Lee [5]). It is also 
possible [6] to integrate Eq. (1) thereby obtaining a stress-strain relation 
containing the history of stress and strain which closely resembles the 
memory-type constitutive equations [7]. The procedure and final form will be 
given subsequently. 
To determine the forms of functions 4 and I/, for a specific material, it 
is sometimes possible to employ quasistatic experiments such as creep and 
relaxation tests. However, these experimental results may not always properly 
describe the material behavior under high rate of strain. Dynamic tests are 
also necessary to completely define the material. In a dynamic test, success 
depends not only upon measurement accuracy, but it also relies heavily upon 
the accuracy in solution of the dynamic equations using the proposed 
* On leave from the Nlathematical Institute, Bucharest, Romania. 
313 
Copyright 0 1973 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
314 SULICIU, LEE, AND AMES 
constitutive equation. This is usually a complicated problem. Some idealized 
dynamic problems are relatively easy to solve. For example, that of the 
dynamic loading of a specimen with a constant stress. But there are other 
difficulties in this situation. The loading may not be easily achieved exper- 
imentally and even if this problem is overcome, the results may not reveal the 
complete properties of the material. A desirable resolution of these questions 
is the development of a general solution to the complete dynamic equations. 
Consequently, experimental results can then be compared with the appro- 
priate solution. While this goal is not always achievable it is possible under 
certain circumstances. In this paper, we shall show that there are two classes 
of problems for which such general solutions are constructable and discuss 
their implications. In developing such general solutions, we shall first consider 
the longitudinal wave propagation on a bar by a procedure similar to that of 
equation splitting [8]. Subsequently, the dynamic problem involving both 
longitudinal and transverse motions of a flexible string will be treated. 
Solutions to this problem are shown to be a direct consequence of the previous 
case. 
THE LONGITUDINAL WAVE EQUATIONS 
The system of dynamic equations describing longitudinal motions of a bar 
is composed of the equation of motion 
p(aupt) = au/ax, (2) 
the compatibility equation 
au/ax = a+, (3) 
and the constitutive Eq. (1). Here p, u, X, and t are the density, the particle 
velocity, the Lagrangian coordinate, and time, respectively. 
If, in Eq. (l), we set #(E, u) = 0, +(E, u) = d(c), then equations (2) and (3) 
combine to give 
p&&(+(c)&) =o. (4) 
From Ames [8] it is known that 
F(F, x + C(G) t) = 0, 
and 
(5) 
G(c, X - c(e) t) = 0, (6) 
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where C”(C) = #(6)/p, are general solutions to Eq. (4) (of course, these are not 
the most general solutions since each involves only one arbitrary function). 
In what follows, we shall seek more general forms of Eq. (1) such that solu- 
tions (5) and (6) are still valid. 
Equation (l), in its most general form, can be integrated, according to 
procedures similar to those used by Suliciu [6], as 
~=f(%~o,Y) (7) 
where y is a functional of E determined by the differential equation 
If Eq. (7) is substituted into Eq. (2) which is then combined with (3), we 
obtain 
azE --&(c$+-!-&($-~+~~), (9) at2 
where c2 is given by 
PC2 = g = $[%f(% co 9 Al. 
Obviously, in this case, the solutions (5) and (6) do not apply since the success 
of those solutions depends upon the fact that c is a function of E alone. How- 
ever, this difficulty can be avoided by assuming that C$ is not a function of a. 
In such a case Eq. (9) becomes 
where 
u = @(4 - @(co) + y, (11) 
(12) 
and 
g = 9k, @(4 - @(Eo) + Yl. 
When the explicit form of I/ is prescribed, Eq. (13) can be integrated. Now 
Eq. (9) can be written explicitly as 
azE a% a 4(C) ac --- 
at2 ax ( p axcat2 1 - & ( c"(c) g > = + j& [Y - @(ho% 
(14) 
409/42/2-4 
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NONLINEAR TRAVELING WAVE SOLUTIONS 
Upon applying the equation splitting concept to Eq. (14) and requiring 
both terms to vanish it follows that 
Integrating this equation we obtain 
y - @(E()) = K(t) x + D(t) = w(X, t), (16) 
where K and D are arbitrary functions of t. Using this and Eq. (11) we find 
from (13) that 
Wt = #[G @(c) + WI. (17) 
Now if we assume 
(a$+) + d(c) ~~/~~ i O(> O), (18) 
then E can be expressed as 
E = h(w, cot). (19) 
It is necessary to investigate under what conditions is E, given by equation 
(19), a solution of the left side of Eq. (14) or Eq. (4). By substituting Eq. (19) 
into (4), we obtain 
p(hw,d + 2h,,ciiG + h&Jti)2 + h,G + h&G) 
- $(h) [hu&J’)” + 2h&,w’G’ + h&&q] (20) 
- c+‘(h) (h&J’ + h&b’) = 0, 
where subscripts denote differentiations and ci, = wb , W’ =wx. If we 
assume that 
K = K. = const. (21) 
and 
D = D,t + D, , (22) 
then Eq. (20) becomes 
or 




4(h) hem + 4’(h) hco2 = a2 = const* 
k, 
In turn this leads to 
(25) 
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or 
a(h) - a*h = Hp + H2 , (26) 
where HI and H, are integration constants. On the other hand we have 
- a*jau 
"w = a*lac ++(a*/au) 
and therefore a relation between + and (CI is found to be 
(27) 
(28) 
When 4 = 4(e) is specified Eq. (28) integrates to 
GM HP - (W + + - a*) ~1 = 0 (29) 
where G is an arbitrary function. This final result asserts that if the material 
functions 4 and # satisfy Eq. (29), then the nonlinear traveling wave solutions 
(5) and (6) are solutions to Eq. (14). Th is is obviously not the only possible 
case since assumptions (23) and (24) are restrictive. Other possibilities 
should be explored, but because of the complexity we shall only consider 
the simple case of a semilinear constitutive equation. 
THE SEMILINEAR CASE 
We shall now consider the simple semilinear rate equation 
; - E ; + k[a -g(c)] = 0 (30) 
instead of Eq. (1). Here E (elastic modulus) and k = 7-l are positive con- 
stants. This equation when directly integrated becomes 
I 
t 
a=Ec+e -p(t-to) uo - EC0 - ,$ 
s eL(S-tO)[EE -g(c)] ds/ , (31) to 
where o0 = u(X, 0) and cc, = <(AC, 0) are initial values for a and E. With 





E a2E, a2u, 
(32) 
ax* axz - k ltt ekfspfo) -$$ [EC -g(E)] &I . Cl 
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The splitting argument and vanishing of the right side of Eq. (32) leads to 
EC - g(e) == K(t) x + D(t) = w(X, t). (33) 
If 
E - g’(c) > 0 (34) 
then Eq. (33) can be expressed as 
c(X, t) = h[w(X, t)]. 
To satisfy the left side of (32) we find 
p[h”(K’X + D’)’ + h’(K”X + D”)] - EWz” = 0, 
(35) 
(36) 
where the prime denotes appropriate ordinary differentiation. Now if the 
previously employed assumptions (21) and (22), are used we obtain 
pD12 - EKo2 = 0 or E h2 Ko2 - 7 = ‘02, 
where c,, is the elastic wave speed for a linear elastic material. 
While the solution 
l (X, t) = h[w(X,t)] = h[X f cot + D,] (38) 
holds, there is no restriction imposed on h and therefore g(c). In short, for any 
material with g(E) specified in (30), there is at least one initial value problem 
which propagates as a wave of permanent projile! This profile is specified by 
EE - g(e) = X + c,t + D, . (3% 
Turning now to an alternative to assumptions (21) and (22), we observe 
that Eq. (36) can be rewritten as 
h”(K’X + D’)2 + K”X + D” = c 2 h” 
h’K2 K2 0 h” w 
Since h is a function of w only, we must have 
K’X + D’ = Kl(w) (41) 
and 
K”X + D” = K*m(w), (42) 
where 1 and m are functions of w. The simultaneous satisfaction of these two 
relations leads to 
l(w) = +J + B2 , (43) 
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and 
where B, and B, are arbitrary constants. 
As a consequence we find 
-1 
K(t) = B,t + B, 
and 
D(t) = 
B4 - B,t 
B, + B,t ’ 
Now by using Eqs. (43), (44), and (40), h is determined to be 
h[w(X, t)] = B, - & In (“,” + 2 ? 2:) = E(X, t). 
0 2 1 
The corresponding g is 






To conclude: If g is given by (48), there are at least two possible initial 
value problems that can be solved 4y the equation splitting technique. The first 
soZution is given by Eq. (38) and the second by Eq. (47). 
In addition to the above cases, we also find that solutions (5) and (6) hold 
under assumptions (21) and (22) for the more general semilinear material 
and no restrictions are imposed upon #. 
It is pertinent here to discuss the implications of solutions we have herein 
obtained. In view of the vanishing of both sides of Eq. (14), the solution 
thus obtained is the same as that for Eq. (12). That is to say, although the 
material is rate dependent, the solutions for the kinematic variables (e and U) 
do not indicate rate dependence and behave like elastic materials! In con- 
ducting dynamic experiments in these specific cases, merely measuring the 
kinematic variables inside the material, as is usually practiced since these are 
the only possible measurements, will not reveal the full characteristics of the 
material. One should be especially alert to the existence of these oddities. 
On the other hand, if one is sufficiently confident of a material which has a 
constitutive relation in the form of (49) or satisfies the condition (29), then a 
specific experiment could perhaps be designed to produce an elastic wave 
profile so as to verify the constitutive relation. 
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TRANSWR.SE WAVE MOTIONS OF A STRING 
If a bar without bending stiffness is free to move laterally, the problem then 
becomes that of the wave motion of a string. The added advantage of studying 
such a problem is because the transverse wave speed is in general dependent 
upon the stress. Therefore a kinematic measurement, which is easily obtained 
photographically, provides considerable information about stresses. 
The equations of motion and compatibility, in this case, are 





where U, v, and B are axial and normal velocities and the inclination angle, 
respectively. General solutions for elastic cases of this system have been 
investigated by Lee and Ames [9] and an extensive literature review is also 
given therein. 
By a similar procedure previously employed we obtain an equation for (50) 
and (51), which is analogous to Eq. (14). 
azE --&(Ca$) at2 
l -q = p0 ax2 y -ayqJ]+(~~-~~ ) (54) 
=$$&-%~1+(1+4(~-u~) ($+u-g) 
(544 
where a = [u/p(l + l )]lj2 is the transverse wave velocity. We see that for 
the solutions (5) and (6) to be valid, in addition to condition (15), we need that 
av ae ----- 
ax at ~,“,=(l+~)(~+u~)(~-u~)=o. (55) 
It has been shown by Lee and Ames [9] that the vanishing of the left side 
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of Eq. (55) (i.e., v is dependent upon 0 because of the vanishing of the 
Jacobian) implies that the transverse wave could be unidirectional. By writing 
(apt) + up/ax) = 0 (56) 
or 
(aept) - u(aepx) = 0, (57) 
these equations have a general solution 
0(x, 4 = P(P), (58) 
where P is an arbitrary function and /3 is the integration “constant” for 
dxldt = 7 46, Y), (59) 
pending the solution of E. For a general nonlinear elastic material, the solution 
of /3 is found to be (Lee and Ames [9]) 
,f3 = t exp (I& de) - J(z) exp (I& de) de. (60) 
where 
F,(E) = A- + c(e) t (61) 
is a replacement for the F of Eq. (5). A n e q uivalent general integral as (60) 
is difficult to obtain for the general rate dependent case, but when the func- 
tions 4 and ~4 are specified in Eq. (l), the integration of Eq. (59) will be possible 
and the application of Eq. (58) is a direct consequence. It is noted that Eq. 
(59) will be an integrodifferential equation for the rate dependent case. When 
these solutions are obtained, the transverse motion experiment can be con- 
ducted to provide more information since the angle 0 can be easily measured. 
Of course, t9 is dependent upon CJ and therefore the history of strain E. 
SUMMARY AND CONCLUSIONS 
In this paper, we have developed a class of general solutions for wave 
propagation in a rate dependent material. These solutions, obtained by 
invoking equation splitting, demonstrate elastic-like behavior for the kine- 
matic variables u and E although the material is inelastic. This observation 
serves as a warning to those carrying out dynamic experiments involving 
onyl axial loadings. Measurements of strain and velocity may not reveal 
the true characteristics of materials. An extended solution for transverse 
motion is presented and experiments involving transverse deflection are 
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highly recommended because these results do provide information about u 
and therefore the rate dependencies. 
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